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Interperiod Capacitance Calculations for
Three-Dimensional Multiconductor !$ystems

RUEY-BEEI WU

Abstract —A novel approach is proposed to facilitate the capacitance

calculations for periodic three-dimensional mukiconductor systems. Based

on the Fourier transform technique, the approach requires only the con-
ductors inside one period and solves the charge distribution in the spectial

domain by the integral equation method. The resultant spectral capaci-
tances are then inverse transformed to give the capacitances between any
two conductors, which may even be inside different periods. The approach
is finally applied to the capacitance analysis for connector pins in a
packaging board design.

I. INTRODUCTION

AS THE SWITCHING of logic gates becomes faster,
the coupling effect between densely spaced intercon-

nections plays an ever increasing role in the timing analy-
sis of the whole system. The capacitances between these
sometimes complicated interconnections now become cru-
cial elements in the modeling and computer-aided electric
analysis of high-performance systems [1].

Except for certain simple structures where empirical or
approximate formulas apply, the capacitance calculations
for most practical structures resort to numerically intensive
methods such as the finite-element method (FEM) [2] and
the integral equation method (IEM) [3]–[7]. Of these, IEM,
which is easier with respect to the modeling and solution
of the charge distribution on the conductor surfaces, is
more popular for three-dimensional multiconductor sys-
tems. However, its usage is rather limited since, for more
complicated structures, it frequently exhausts the available
computer storage or computation time.

As the scale of integration increases, practical structures
exhibit a higher degree of periodicity. It becomes almost
impossible for IEM to model and solve the charge distri-
bution of the conductors in all the periods. Some ap-
proaches were proposed to alleviate this numerical diffi-
culty by exploiting the structural periodicity [8], [9]. They
require solution of only one period and thus save a great
deal of computer storage and computation time. However,
they can consider only the capacitances between in-
traperiod conductors.

When one is concerned about the capacitances between
two conductors in different periods, a novel approach as
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Fig. 1. A typical structure periodic in the z direction with a period p.

proposed here should be employed. The approach is based
on the Fourier transform technique. In Section 11, we
depict the capability of calculating the interperiod capaci-
tances ,by the solution of only one period in the trans-
formed spectral domain. The numerical formulas for the
associated Green’s functio”n in the spectral domain are
derived in Section III. Numerical examples are then in-
cluded in Section IV to demonstrate and verify the signifi-
cant features of this approach. Finally, some brief discus-
sions and conclusions are presented in Section V.

II. SPECTRAL ANALYSIS APPROACH

Consider a three-dimensional multiconductor system

(Fig. 1) which is periodic in the z direction with period p.

The number of conductors in one period is M. In the
notation, choose one of the periods as the base, or zeroth
period. All the others are numbered as the k th periods
accordingly (k = +1, +2,. “. , + co). Let V~(n) and Q~(n)
be the voltage and the total charge on the nth conductor in
the k th period. Then, they satis~y

for m=l,2, ”.., M and 1=0, +1, +2,0 ””, ~ce. Here,
Cl_ k(nz, n) is the short-circuit capacitance [5] between the
m th conductor in the lth period and the n th conductor in
the k th period. For a periodic system, the capacitance is
shift invariant and thus can be indexed as 1– k.

Solution of C,_ k(nz, n) calls for the conductor charges
in all the periods. A better alternative is to take the Fourier
transform of (1) and solve the problem in the spectral
domain, i.e.,

fj(m; f)= f ~(m, n; f). ti(n;f). (2)
~=1

Here and throughout this paper, a quantity with a tilde -
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denotes its Fourier transform, i.e.,

(j(nZ,f)=%[Qk(nZ)] = ~ Qk(rn)”eJ2”kf
k=–cx

(o<f<l). (3)

The solution of spectral capacitance d(m, n; ~) in (2) is
much easier. One needs only to know how to model and
solve the charge distribution for the M conductors in the
base period. After finding C( m, n; f ) for every frequency
0< ~ <1, the desired capacitance C~(m, n ) can be ob-
tained by the inverse Fourier transform:

C~(m, n)= flC(m, n; f). e-J2”~fdf
o

(k=o, *l, *2,..., fro). (4)

Physically, the value C~(m, n) equals the total charge
induced on the m th conductor in the k th period when a
unit voltage is imposed on the n th conductor in the base
period while all other conductors are grounded.

Actually, only the values of C(m, n; f) for 0< ~ < 1/2
are necessary since the spectral capacitance satisfies
~(m, n; 1– f)= [~(m, n; f)]*, where * denotes the com-
plex conjugate. The integral in (4) can be evaluated
numerically by many methods, such as the Simpson rule
and the fast Fourier transform.

III. SPECTRAL GREEN’S FUNCTION

The spectral capacitances can be found by an integral
equation method. The procedure is identical to the conven-
tional one [4] except that a suitable Green’s function in the
spectral domain should be employed. Let the surface of
the n th conductor in the base period be denoted by S.
(n=l,2,... , M). Then, the conductor charge density
~( K ~ ) in the spectral domain satisfies the integral equa-
tion

; J G(r, r’; f).~(r’; f)dr’=fi(n; f) (5)
~=1 Sm

for r6Sn (n=l,2,0. -, M).
Here, the spectral Green’s function d(r, r’; f) is the

Fourier transform of

G~(r, r’) =G(r+ kpf, r’)

where G(r, r’) is the conventional Green’s function [4] and
2 is a unit vector in the z direction. When all these
conductors are in a homogeneous medium of dielectric
constant 6,

G(r, r’) = [4mlr – r’l]-’

and thus

{

1
G(r, r’; f) =~. —

Ir-r’l

[

ej2.kf e–J2.kf

+5 1}~=1Ir+kpf-r’l+ lr–kp.i?-r’l “
(6)

For structures with several layered dielectric regions, the

Green’s function is much more complicated. Nevertheless,
the simplifications proposed here can be applied in similar
fashion.

Just as in the conventional approach [4], [9], (5) can be
reduced to a matrix equation by using a suitable discretiza-
tion procedure and applying the Galerkin’s method [9].
However, the associated matrix here is a complex Hermi-
tian matrix since the spectral Green’s function satisfies
G(r, r’; f) = [d(r’, c f)]*.

Assigning a unit voltage to the n th conductor while all
others are grounded (n =1,2,. . . . N sequentially), the un-
known charge density 4(c j) can be solved from the
complex matrix equation. The total charge on the m th
conductor,

Q(m; f)=~ij(r; f)dr (m=l,2,..., M)
In

and thus the spectral conductance ~( m, ~; f) can be ob-
tained accordingly. Here, the values of C( m, n; f ) are in
general complex numbers.

A successful implementation of the approach relies on
an efficient evaluation of the spectral Green’s function
($(r, r’; f). When the frequency ~ is zero, the series in (6)
diverges. An additional constraint of charge neutrality
together with the associated regularization algorithm has
been proposed to find the corresponding capacitances [9].
In other cases for which O< f < 1/2, the series converges
but very slowly. Some numerical simplifications are pro-
posed to facilitate the calculations.

By Taylor’s expansion with respect to l/k, the Green’s
function Gk(r, r’) for k # O is decomposed into two parts,
i.e.,

4mGk(r, r’) = Ir + kp~ – r’l-l

1

(
1–:+

Z2– p2/2 6Z3– 3zp2/2
.—.

Ikpl kp (kp)2 - (kp)’ )

+ Rk(r– r’) (7)

where z=(r–iJ).2, p2=[(r– r’). f]2+[(r–r’). j]2, and
Rk(r – r’) is the remainder. Substituting (7) into (6), the
spectral Green’s function can thus be calculated by
evaluating the series sums of the two parts in (7) respec-
tively.

The slowly convergent behavior of the bracket in (6) is
now reflected in the series Z;= ~k- ‘e J2Tf ( 1 = 1,2,3, 4), which
are contributed from the first part in (7). These series
depend on the frequency f but are independent of the
coordinates r and r’. As listed in the Appendix, some
analytical formulas can be employed for an efficient
evaluation.

For the series of the second part in (7), no analytical
formulas are available and one should resort to the
numerical summation. However the series converges very
fast due to the l/k5 dependence of Rk and R_ k for large
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k. Usually, ten summation terms from k =1 to 10 can
compute the result to a relative error smaller than 10–4.

IV. NUMERICAL EXAMPLES

A general-purpose capacitance calculation program
which can fully utilize the structural symmetry and peri-
odicity, if any, has been proposed for three-dimensional
multiconductor systems [9]. With the aforementioned al-
gorithm embedded, the program now can calculate the
capacitances in periodic structures even if the two conduc-
tors of interest are not inside the same period.

Generally, the algorithm proposed here should be em-
ployed when the interperiod conductors are not connected
together. In applying the algorithm~ the program first
calculates the spectral capacitances C(m, n; ~ ) for 2~ + 1
frequencies (f= l/2L+~, 1= 0,1,2,... ,2 L), where L is a
user-specified integer. Then, (4) is applied to approximate
Ck(m, n ), i.e., the capacitance between the n th conductor
in the base period and the m th conductor in the k th
period. The results range for m =1, 2,. ... M, n =
1,2,. ... M,andk=O, +1, +2,. ... +2L.

One method for evaluating the integral in (4) is the
inverse fast Fourier transform (FFT). Due to the aliasing
error inherent in FFT, it can be proved that the result
obtained will be an overestimation for the mutual capaci-
tance but an underestimation for the self-capacitance. The
other integration method is the Simpson rule, which,. in
general, gives more accurate results. However, it is difficult
to predict whether the result obtained will be an overesti-
mation or underestimation. Intuitively, satisfactory results
are guaranteed when both methods give close solutions.
Otherwise the integer L should be increased to achieve
more consistent results.

To demonstrate the proposed theory, consider a very
simple periodic structure consisting of a cubic conductor
array as shown in Fig. 2. In the numerical solution, each
side of the cubic is discretized into eight segments. Since
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Fig. 3. Spectral capacitance ~(~) versus frequency ~ for the cubic

conductor array shown in Fig. 2.

the cubic conductor is even-symmetric with respect to both
the x = O and y = Oplanes, only the conductor surfaces in
the region x >0 and y >0 are actually called for [9]. The
number of unknowns is thus (8X 4 -t 4X4)X 2 = 96. This
can be compared with the number 8 x 8 x 6 = 384 when
one does not utilize the structural symmetry. Also, it
should be noted that the structuu-al symmetry in the z
direction cannot be exploited here since the asymmetric
factor ej2~kf (f # O) imposed on the conductor charge
distribution destroys the symmetry between the k th and
(– k)th periods.

The spectral capacitance C(f) can be obtained by solv-
ing the integral equation (5). Shown in Fig. 3 is the real
part of ~(f) versus the frequency ,f. The imaginary part of
E(f) is zero since this structure is symmetric with respect
to the z = O plane. By (4), the spectral capacitance can be
used to find the desired result C~, which is the capacitance
between the two conductors: one in the base period and
the other in the k th period.

For example, let us choose the integer L =4. The pro-
gram calculates 17 spectral capacitances as denoted by the
dots in Fig. 3. Both the FFT and the Simpson rule are
employed to find C~, which is equal to C_ ~ in this
example. The results for k = 0,1,2, c. .,8 by the two meth-
ods are listed in Table I. It is found that the self-capaci-
tance CO,with a lower bound of 0.92727 pF (by inverse
FFT), is approximately 0.93040 p:F(by Simpson’s integra-
tion). On the other hand, the mutual capacitance ICII,with
an upper bound of 0.24285 pF (by the inverse FFT), is
about 0.23976 pF (by Simpson’s integration). Similar re-
sults hold for other C~’s.

Without resorting to this spectral analysis approach, one
can also consider several periods together to approximate .
the interperiod capacitances. Of course, all the conductors
in these periods should be modeled and solved simulta-
neously. The desired capacitances can be obtained directly.
However, this benefit is offset by the requirement of a
large number of unknowns, and thus large computer stor-
age and computation time. For example, let us include
seven periods in the calculation and adopt the same discre-
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TABLE I
CAPACITANCECAINSIDETHECUBICCONDUCTORARRAYSHOWN IN

FIG. 2: COMPAIUSONOFTHREEh@THODS

method
k reverse FFT Simpson rule Direct

o 0.92727 0.93040 0.93206

1 -0.24285 0.23976 -0.23820

2 -0.04715 -0.04416 -0.04314

8 -0.01145 -0.00928 x

Results with k ranging from O to 8 are in pF.

tization. If structure symmetry is not exploited, the num-
ber of unknowns for this simple structure is 2688, almost
impossible to solve! Even fully utilizing the structural
symmetry, this number is 336, still much larger than 96.

The results by this direct approach are also listed in
Table I for comparison. Since only seven periods are
included, only the capacitances between the central
conductor and the next three conductors are available.
These results are reliable except for C3, which exceeds the
upper bound of 0.02676 pF. This discrepancy may be
attributed to the absence of the shielding effect from the
fourth period. It is thus inferred that one should at least
include the structure up to the (k + I)st period to give
reliable Ck(m, n).

The second example considers the capacitance analysis
for connector pins which are designed in the board to
contact the card. Several tens of pins are periodically
aligned in the z direction with pitch p = 2.54 mm. In each
period, there are four pins symmetrically distributed to
match both sides of the card so as to increase the connec-
tivity. The geometry for the two connector pins in the
right-hand side of the card is shown in Fig. 4.

By assuming the structure is periodic, the program ap-
plies the spectral analysis approach and calls for four
conductors in the base period. Moreover, due to the struc-
tural symmetry with respect to the x = O plane, only the
two conductors, as shown in Fig. 4, are actually modeled
and solved. Then, the spectral capacitances between the
four conductors in the base period can be obtained by the
modal decomposition technique [9]. In the numerical solu-
tion, each pin is divided into three segments, as shown by
the dotted curves in the figure. Each segment is of cylin-
drical shape but is modeled as a hexagon. With the discre-
tization along the segment axis as depicted in the figure,
the total number of unknowns is 228.

Let the two conductors in Fig. 4 be indexed as conduc-
tors # 1 and #2, while their image counterparts in the
x < () region are # 3 and #4. By choosing the integer

L = 4 and solving the spectral capacitances, the short-cir-
cuit capacitances C~(m, n )’s are found from (4) by the
Simpson rule. The numerical results for k = 0,1,2,3 are
listed in Table II. The number in the r)arenthesis is the.
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Fig. 4. Geometry for connector pms in the board.

TABLE II
CAPACITANCECk( m, n) FOR THE PERIODIC STRUCTURF CONSISTING

OF CONNECTOR PINS SHOWN IN FIG. 4

(m, n) co (m,n) c, (m,n) c, (m, n) C,(m, n)

(1,1)
.16137 -.01102(.069) -.00150(.009) -.00045(.003)

(3,3)

(2,2)
.23494 -.02517(.107) -.00570(.024) -.00246(.010)

(4,41

(1,2) -.04526(.232) -.01069(.055) -.00220(.011) -.00089(.005)
(3,4)

(1,3) -.01293(.080) -.00515(.032) -.00112(.007) -.00037(.002)

(1,4)
-.00663(.034) -.00365(.019) -.00124( .006) -.00059(.003)

(2,3)

(2,4) -.01150(.049) -.00571(.024) -.00227( .010) -.00127(.005)

Results with k = 0,1,2,3 are hsted here m pF, Numbers m parentheses
are couphng coefficients.

capacitance coupling coefficient, which is defined by

K~(m, n) =–Ck(m, n)/~Co(m, m). Co(n, n) . (8)

As listed in Table II, the self-capacitance, which is of
primary interest in pin design, is 0.23494 pF for the longer
pin and 0.16137 pF for the shorter pin. Another important
parameter is the coupling coefficient, which should be
small enough to avoid significant signal crosstalk. For the
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pin design in this example, there is a very ku-ge coupling
(K= 0.232) between conductors #1 and #2, or #3 and
#4, in the same period. Also, the coupling between ad-
jacent #2 or #4 conductors is large (K= 0.107). These
closely coupled conductor pairs deserve serious considera-
tion in the design of high-performance systems.

V. DISCUSSIONS AND CONCLUSIONS

The interperiod capacitance calculations for periodic
three-dimensional multiconductor systems are investigated
in this paper. One may employ a direct approach by
including enough periods and solving the charge distribu-
tion for all the conductors inside these periods. Instead,
this paper proposes a spectral analysis approach which
handles this problem in an indirect but efficient manner.
This approach requires the conductors in only one period
and solves the spectral capacitances repeatedly for several
frequencies. These spectral capacitances are then inverse
Fourier transformed to obtain the desired interperiod
capacitances.

Usually, the periodic structure encountered in a practi-
cal system consists of a large number of periods. The
direct approach solves the capacitances by assuming a
finite, usually very small, number of periods, while the
indirect approach assumes an infinite number of periods.
Both approaches achieve consistent results for the conduc-
tors inside periods close together. However, the direct
approach is usually abandoned due to its requirement of a
large number of unknowns and thus large computer stor-
age and computation time. In this respect, the indirect
approach, which requires much less computational capac-
ity, should be more advantageous for complicated struc-
tures.

APPENDIX

NUMERICAL FORMULAS FOR SPECTRAL

GREEN’S FUNCTION

By substituting (7) into (6), the spectral Green’s function
becomes

G(r,r’;f)=:. {
1 2Z 2z=–p=

—+A~––jAz~+A3
Ir – r’! 2P P3

12Z3 –3zp= m
– jAd *4 + ~ [Rk(r–r’)eJ2”kf

k=l

+ R..-k(r–/)e-j2”kf 1
I

where the constants are

w COS 2vkf w sin 2wkf
Al= ~ ~ A== ~ ~z

k=l k=l

These can be calculated by the following formulas:

Al= – in (2@rf 1)

2U3 2U5 4U7 2U9
A2=2(A1+1)Z4 -Y —--—– ——

225 6615 42525
4U11

——— —.. .

10291105

3

()

5U4 7246 U*
A3={3–2 Al+i U=+— — —

18 _’-675+ 1470

11s./0 13s.$2
——

+ 212615 + 3087315 + “ ““

()
5 34U7 83u9

Ag=2J3u–: Al+: u3+:~+— —
4725 + 178605

82ull 38u13

+ 2338875 + 13378365 + “‘ “

where u = m-f and (~= 1.2020563 . . . . The expressions for
A=, A3, and AA are satisfactory when f is small, say
0< f <0.3. For larger f, say 0.3<: f < 1/2, better expres-
sions are

2U3 2U5 4 V7 34V9 124u11
A2=–2A1u+-7+~+— —+—

105 ‘p 2835 31185 + “““

5V4 77J6 3V8 187v1°
A3=–; {3–2A1V=+ T+=.+= +—

14175

403ZP
+
E-k”””

34 3V5 34V7 83v9 1394V11
A4=~~3v +~A1v3–y~-– ——

2835 155925

1178v13
_—. —.. .

405405

where v = 7r(l/2– f ).
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